Newington College Extension 2 Mathematic 2009 Trial Examination

Total marks — 120

Attempt Question 1-8

All questions are of equal value

Answer each question in the appropriate writing booklet. Extra writing booklets are available.

Question 1 (15 marks) Marks

(a) Find
0 [ :
LI o 2

3
(b) Use the substitution t = tang to find j o -
2 S5+4cosX+3sin X
1
(c) Use the substitution u =—x to evaluate j . 3
€ +1
(d) Evaluate the following definite integrals:
.
(i) cos ' x dx 2
.0
A
(i) x(In x)° dx 3

1
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Question 2 (15 marks)  Start a new booklet

(a) If z=3-2i, mark clearly on an Argand diagram the points represented by

() 2z 1
(1) —2iz 2
. 3
(b) If |z, + 2, =|z, — z,|, find the possible values of arg {ij
ZZ
(c)
yA
B
A 22
Z1
» X
In the Argand diagram, vectors OA and OB represent the complex numbers
4z . . 4Ar Tr . . I« :
Z,=2| cos—+isin— | and z, =2| cos— +isin— | respectively.
5 5 15 15
(1) Show that AOAB is equilateral 2
(i1) Express z, —z, in modulus-argument form. 3
(d) z is a complex number such that argz =§ and |Z| <2.
(1) Show the locus of the point P representing z in the Argand diagram.
2
(i1) Find the possible values of the principal argument of z—1 for z on this
locus. 2
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Question 3 (15 marks)  Start a new booklet

(a) Twelve different books are made into four parcels of three each. How many 3
different sets of parcels could be made?

(b) y

y=vx-2

SER 4

0 / 4
2
The diagram shows the graph of the function f (X) =y/x-2. On separate

diagrams sketch the following graphs, showing clearly any intercepts on the
coordinate axes and the equations of any asymptotes:

@ y=[f(x) 1

. 2 1

G y=[f(x)]

@Y= )
2

(iv)  y=Inf(x)
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Question 3 Continued.

(c)
y /y_: In x

—»
»

) 1 n X
(1) Use the trapezoidal rule with n function values to approximate I In x dx 2
1
(ii) Show that di(x Inx—x)=Inx and hence find the exact value of 2
X
jln X dx.
1
2

(iii) Deduce that Inn!< (n +%jlnn -n+1
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Question 4 (15 marks)  Start a new booklet

(a) A and B are two points on a circle. Tangents at A and B meet at C. A third 3
tangent cuts CA and CB in P and Q respectively, as shown in the diagram.
Show that the perimeter of ACPQ is constant and independent of PQ.

(b) The polynomial P(x) leaves a remainder of 9 when divided by (x—2) and
a remainder of 4 when divided by (x—3). Find the remainder when P (x) a4
is divided by (x—-2) (x=3).

(¢) z=cos@+isinf

(i) Show that z"+z™" =2cosné forn=1,2,3,... 2
(i) Hence show that 4 cosé cos26cos36 =1+ cos26 +cos 46 +cos66 . 3
(iii) Hence, solve cos” @+ cos” 28 +cos’ 30 =1, giving general solutions. 3
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Question 5 (15 marks)  Start a new booklet

(a) P (3 p,%j and Q (3q,%} are points on different branches of the hyperbola

Xy=9.
2
(1)  Find the equation of the tangent at P.
2
(i))  Find the point of intersection, T, of the tangents at P and Q.
3
(i) If the chord PQ passes through the point (O, 2) , find the locus of T,
1
(iv) Find the restriction on the locus of T.
(b) The region bounded by the graphs of y = x”and y = X+ 2 is revolved
3
around the line X =3. Express the volume of the resulting solid as a definite
integral. Do not calculate the value of this integral.
(c) A solid has, as its base, the circular region in the xy-plane bounded by the
graph of x* +y* =a”, where a > 0. Find the volume of the solid if every a

cross-section by a plane perpendicular to the X-axis is an equilateral triangle

with one side in the base.
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Question 6 (15 marks)  Start a new booklet

(a) A particle of mass m moves in a straight line away from a fixed point O in 4
the line, such that at time t its displacement from O is X and its velocity is V.
Attime t =0, x=1 and v=0. Subsequently, the only force acting on the

particle is one of magnitude m—-, where k is a positive constant in a
X

direction away from O. Show that v cannot exceed (2k)

—5

A bowl is formed by rotating the hyperbola y> —x*> =1 for 1<y <5 about
the y axis. A particle P of mass m moves around the inner surface of the
bowl in a horizontal circle with constant angular velocity .
(1) Show that if the radius of the circle in which P moves is I, then the

normal to the surface at P makes an angle 6 with the horizontal 4

N1+r1?
where tan @ = .
r

(11) Draw a diagram showing the forces acting on P. 1
(ii1))  Find expressions for the radius r of the circle of motion and the 3

magnitude of the reaction force between the surface and the

particle in terms of m, g and w.
(iv)  Find the values of @ for which the described motion of P is possible. 3
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Question 7 (15 marks)  Start a new booklet

2 2
(@)  The ellipse .Z: (gj +(%) =1 has foci S(4,0) and S'(—4,0).

1
(1) Sketch the ellipse Zindicating its foci S, S” and its directrices.
(i)  Show that the tangent at P(X,,y,) on the ellipse .Z'has equation 1
Oxx, +25yy, =225.
(iii) ~ The line joining P(X,,y,)to Q(X,,Y,) passes through S. Show that 2
4(Y2 - y]): XY, = XY
(iv)  Itis also known that Q(X,,Y,) lies on Z Show that the tangents at 2
P and Q on the ellipse intersect on the directrix corresponding to S.
(V) Find the equation of the normal to .Zat P and decide under what 1
circumstances, if any, it passes through S or S’.
() 1, =[(1-Inx)"dx, n=1,23,..
1
(1) Show | =-1+nl_,, n=1,2,3,... 2
(i)  Hence evaluate I(l ~In X)3 dx.
1 1
(i)  Showthat 11 —e—>'L n=12.3, 2
n! = r!
(iv)  Showthat 0<1| <e-1. 1
(V) Deduce that lim Zi =e. 2

n—>e0 =5 r!
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Question 8 (15 marks)  Start a new booklet

(a)

0

A D B

In AABC, D is the point on AB that divides AB internally in the ratio m : n.
/ACD=«a, /BCD=/ and Z/CDB=6¢.

4
(1) By using the sine rule in each of ACAD and ACDB, show that
sin(@+ f)sina m
sin(f-a)sinf n’
m+n)t t
(i1) Hence show that tan @ = ( " ) ana tan j . 3
Mtan S —nNtan o
(b) Let f (x) be a function which satisfies the equation:
f(xy)="f(x)+f(y) forall x,y=0.
(i) Show that f (1)=0= f(—1) and that f(x) is an even function. 2
(i)  Provethat f(x+y)—f(x)=f (1+l) for X,y,Xx+y=#0
X 2

(iii) ~ Suppose f(x) is differentiable at x=1 and f'(1)=1. Deduce that 4

f (X) is differentiable at any x =0 and f '(X) =

1
X

End of Examination



Solutions

Question 1

(a) (1) u=sin@, du=cos@d@

du I
—52——U +C
u 4
| I
=——sin" @+cC
4

(ii) J‘(L=tan“(x+l)+c

(b) t=tan—, ..—=

2dt

J‘ 1+t°
4(1-1*) g
1+t? +1+t2

5+

=J‘ 2dt =J‘ 2dt
t* +6t+9 (t+3)2
:2(t+3)_1+c
-2
T x ¢
tan —+3
2

(c) u=-Xx,—du=dx

When X=—-1L,u=1and whenXx=1,u=-1

¢t —du ¢ du ¢ du ¢e'du
:_je”+1:_{1+1:_{1+e
eU



[ln(e +1] L

/+1

(d) (i) I siny dy =[—cos y]OA =1

0

x*.2 llnx dx

2 2
1 X

(ii) sz(lnx l

2 1n2 J‘xlnx dx

N | =

2 1 22 1
=2(In2) —{Exz.lnx} + | x.—dx
X
1 1

=2(In2)" —2In2+1

Question 2

(a) Imz

» Rez

(61_4) \.-)22

-2iz  (-4,-6)

C

|



(b)

21-2>

v

(0] X

Let O—A, OB represent 1, Z, respectively. Construct the parallelogram
OACB. Then OC, BA represent z1+2, and z1-2, respectively. Since

|z1 + 22| = |zl —2,|, OC + AB. Hence, OACB is a rectangle.

- shoB="=.
2

But, Z/AOB =argz —argz, or ZAOB =argz, —argz, (ifz, 2

swapped).
7z, 7w
Jarg—=+—
gz2 2
Ar ITr
(c) (i) carg /AOB=argz, —argz, =— ——=—
s EHTAEL TS TS
OA=0B=2

AB = \/22 +2? —2.2.2.cos§ —2

.. AOAB is equilateral.

(i1) The vector AB represents Z, —Z,. Now, AB is a clockwise

rotation of OB by %

oo Zorsn( Z)



T .. Ix Ty .. T
=2| cos—+Isin— || cos| —— |+1Isin| ——
( 15 15}( ( 3) ( 3D

27 .. 2«x
=2| cos—+1Isin—
15 15

(d) (i) Imz

(15

Re z
\

-~

(ii) %Sarg(z—l)Sﬁ

v

Question 3

¢,.’C,.°C,.’C,
41

(a) =15400

®) @) y=|f(x)

yA

v




y=[f(x)7

VA

(i)

1
")

(iii)

y=In f (x)

(iv)




. ( 1
(©) (i) !mxdx:a{m1+mn+2onza4m(n—nﬂ

1
=§mn+m@254mm—m)
:llnn+ln(n—l)!

2
=%lnn—lnn+lnn+ln(n—l)!
:lnn!—llnn

2

. d 1
i) —(XInx—X)=X—+Inx—-1=Inx
( dx( ) X

.'.jlnx dx=[x1nx—x]1n =nlnn-n+1
1

(iii) The trapezia lie below the curve.

. nlnn—n+1>lnn!—%lnn
1
Inn!'<nlnh—-n+1+—=Inn

1nn!<1nn(n+%j—n+l

Question 4

(a) Perimeter of ACPQ=CP+CQ+PQ

But PQ=AP+BQ (tangents drawn from P are of equal length and

(tangents drawn from Q are of equal length)

Perimeter of ACPQ=CP+ AP +CQ+BQ=CA+CB

Which is constant and independent of PQ.



(b)

(c)

P(2)=9,P(3)=4

P(x)=Q(x).(x—2)(x—=3)+R(x), where R(x)=ax+b
P(2)=0+2a+b=9

P(3)=0+3a+b=4

a=-5b=19

Remainder is 19 —5X

(i) 2" +27" =cosnd +isinng +cos(—nd)+isin(—né)

=cosn@+isinnd+cosnd—isinnd (note cosine even and

sine odd)

=2coshé

(ii) z+2"'=2co0s0, 2 +7°=2c0s20, 2’ + 77 =2cos 36
8cosecos26’cos36’=(z+Z‘l)(zz+z‘2)(z3+Z‘3)

=2 +1+ 2+ + 2+ 2 41+ 2

=2+ +27+2 v+ 20+

=2+2c0s260+2cos46+2cos 66

~.4cosBcos26cos30 =1+ cos 26+ cos 46+ cos 60
(i) 2cos’ @+2cos*20+2cos’30=2

1+cos28+cos46+cos66 =0

4cos@cos20cos30=0

6?:2k7r4_r£, or 9:2k7zi£, or 0=2kr+Z
2 4 6



Question 5

(@) (i)

(ii)

(iii)

(iv)

xﬂ+y:0, ﬂ:_—y
dx dx x
At P, Y_ A ——
dx 3p p’

Required equation:

3_ 1
y-==-—(x-3p
5~ (x3p)

Which gives X+ p’y=6p

tangentatP X+ p’y=6p

TangentatQ  X+0°y = 6q

When solved simultaneously, we get the coordinates of T:

el
p+q p+q

oa

3p-3q P

PQ

Equation PQ: y—-—= —L(X—3 p)

Now, when x =0,y =2

p+q_2 orp+q=Ziq

pqg 3 3

6pg _ 6pg
AtT X= =
P+ 2P//

Locus of Tis x =9, with the restriction that y < (. i.e. T is in the

4™ quadrant only.



(b)

y
y=x
y=X+2 .
-1 (0] 2 3] x
To find points of intersection: X2 =X+2, . x=-1,2

Consider a typical strip

yl_yz\l

Rotate the strip to form a shell. The volume of the shell is given by

OV =2xrh.ox, where r=3—xand h=y, -y, =Xx+2-X’

V ~ XZ:%‘zzr(3—x)(x+2—x2)5x

X=-1

x=2

V = lim Zzz(3—x)(x+2—x2)5x

IXx—>0
x=—1

:.2[27z(3—x)(x+2—x2)dx

-1



(c) y

//P(xy)

-a a

X

Consider a typical slice of width OX.

60°

2y

oV =%2y.2y.sin60°.6x= y>/3.5%
V =~ Z:: y2\/§.§x
s Xx=a 5 s x=a )y 2
Vv —}igxzay \/§.5X—5lglox_z‘a(a X )\/§.5X

a

:\/Ef(az—xz)dx

v



Question 6

(a) Choose the initial direction as positive

. k
X=—2, k>0
X

dv k k
V—=— = vdv =—-dX

dx X X
1 2 .
—V° =——+, where C is constant
2 X

Now, when x=LLv=0=cCc=KkK

v =2k [l—lj
X

Now, x>1 .'.Oél—l<1
X

S0V <2k
Hence, V cannot exceed ~/2k

b i) y-x=lm2y Y oxoom Y X
dx X y

AtP,d—y: '

dx 1412

—V1+r?

Hence, the gradient of the normal at P is
r

Now, the gradient of the normal is the tangent of the angle made
with the ‘positive’ x axis.

- tan (180" - 0) =#

VI+r?

r

c.tand =



(ii) N

mg

(iii) Resolve forces

Horizontally Vertically
mre® = N cos @ mg = Nsiné
/ 2
ctanf = 92 = L+r from part (i)
ro r
2 2 4
N —o
1+ rz = g—4 =>r= g—2
) ®

Now, cos’ @+sin’ 8 =1
mro? ) [mgjz
+| —| =1
N N

N2 :m2r2a)4+m2g2 :mZ

92_a)4

4 242
— ' +m’g
@

_ m2(292 _a)4)

~N=mJ(29° -0



(iv) I’:g—;a) and r >0
w
gz>w4
But N >0 529" > o'

Both these conditions exist if g > @

Note: y<5=y*’<25=1+r><25

2
.-.g—4>25:wz\ﬁ
w 5
.-.\/Es(os\/ﬁ
5

Hence, the directrices are X = T

Question 7
(a) (i)
Ay
3
[ ] >
5 S’ (0} X
-3
=25 25
X=—"-" X=—
4 4
ae=14, a=>3, .-.e:i
5
125



(ii)

(iii)

V)

X—+—:1
25 9
2X 2yd%x
—+ =1
25 9
dy -9x
At P(x.Y,), d_i:Fyl
1

Required equation:

_ _9X1
25,

Y=Y (X_Xl)

9XX, +25Yy, =9%° +25y,> =225

Note: P(Xl, yl) lies on the curve 9% +25y,* =225

Y =Y
-y, =———(X—-X
Y-V, Xz—xl( )
At x=4,y=0

_yl(XZ_Xl)z(yz_yl)(4_Xl)
4(y2_yl):X](yz_yl)_yl(XZ_xl):le2_x2yl

Two equations are: 9XX, +25yy, =225 and
9xx, +25yy, =225

_9xx —225  9xx, —225
Yi Y

25y

SLOX(X Y, = %Y, ) =225(y, - )

L ox4(y,—y,)=225(y, - y,)
225 25

(222525
36 4

V)
y-V, o (x=x)

If the normal passes through S (4,0) then



_ 25y,

"oo9x (4-x)
1

100y, =16X,Y,
. 1
Hence, either X, = 62 ory, =0
But -5<x, <5, ..y, =0
Similarly, if the normal passes through S'(—4,0), y,=0

The normals that pass through S and S’ are at (iS,O). The

equation of each normalis y=0.

(b) (i) I, =|(1-Inx)" dx

—e—

I
@
|
—
>
x
—~~
—
|
—_
=]
>
~
7
|
I
N—
o
>

[x(l—lnx)”}

=1+nl_,

(ii) I, =—1+31, =—1+3(-1+21,)=—4—-6(-1+1,)

=—-10+6[dx=-10+6(e—1)=—-16+6e
1

iy 1 =—1+rl
L_-1. 1,
rorlor!
| -1 |




n

Lo b -7 -l €
_z;r 0! z;r

+
rlr' 0 0!

{__ X e -1
0!

(iv) The domain for the original integrand is | < X <e
InI<Inx<Ine
0<Inx<l1
0>-Inx>-1

I121-lnx>1-1

~0<(1-Inx)" <1

0<I,<e-1
I, _e-—
(v) 0<tLt<—
' n!
. -1
0<Im-<lim——
n—»on! n-0 n!
-1 .
Now, im——=0, ..lim—*=0
n-o Nl n—0n!



Question 8
(a) (i) ZCAD=0—-a (ext £ of ACAD)

CD AD
= (1)

sin(0-a) sina

ZCBD =180"-(0+ ) (£ sum of ACBD)

. CcD DB
N sin(180° —(6’—1—,8)) sing

(2)

sin(9+,8) _ ADsin
sin(f—a) DBsina

()+(2)=

. sin(@+p)sina _ AD _m
" sin(@-a)sing DB n

(ii) nsin(@+ B)sina =msin(6—a)sin S

nsin e (sin @ cos £+ cos@sin ) = msin S (sin O cos & —cos Osin )

Divide both sides by cos « cos £ cos €
ntan ¢ (tan @ + tan ) = mtan f(tan @ — tan o )
(n+m)tanatanﬂ= tanH(mtanﬂ—ntana)

(n+m)tana tan S

s.tan @ =
(mtan S —ntan )

(b) (i) .f(x)= féXxl): f(x)+f(1)

o f (X) is even.



(ii)

f(xey)— 1 (x)= f(x[uln— F(x)= f (x) f (1+

for X,y,x+y=0

(iii) f'(1)=1..lim

e Gl
h—0 h
Now,

2a+3b+c

from (i1)
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